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Abstract
(x, y, z) is deﬁned to be {(x, y), (y, z), (z, x)} and is called a cyclically ordered 3-subset. A com-
patibly ordered orthogonal group divisible design (brieﬂy, compatibly ordered-OGDD or COGDD)
(X,G,A,B) is a set X and a partitionG of X into classes (usually called groups), and two setsA and
B of cyclically ordered 3-subsets of X (usually called blocks), so that (X,G,C,D) is an orthogonal
group divisible design, and if (a, b) appears in a block of A then (a, b) appears in a block of B,
where C= {{x, y, z}: (x, y, z) ∈A} andD= {{x, y, z}: (x, y, z) ∈ B}.
A compatibly ordered orthogonal Steiner triple system of order n (brieﬂy, compatibly ordered-
OSTS(n) or COST S(n)) can be viewed as a COGDD of type 1n.
In this article, we will show that for n= 6k + 1,
(i) there exists a COSTS(n);
(ii) there exists a COGDD of type 2n; and
(iii) there exists a COGDD of type (gv)n for g = 1 or 2 and v ∈ B(P4\{5}).
© 2005 Elsevier B.V. All rights reserved.
MSC: 05B05
Keywords: Compatibly ordered; Orthogonal; Group divisible design; Steiner triple system
E-mail address: xbzhang@pine.njnu.edu.cn.
0012-365X/$ - see front matter © 2005 Elsevier B.V. All rights reserved.
doi:10.1016/j.disc.2004.12.012
88 X. Zhang / Discrete Mathematics 296 (2005) 87–102
1. Background and Introduction
A Steiner triple system of order n (brieﬂy, ST S(n)) (X,A) is an n-set X and a setA of
3-subsets of X, so that each pair {x, y} of elements of X appears once in a 3-subset ofA.
A group divisible design (brieﬂy, GDD) is a triple (X,G,A), which satisﬁes the three
properties:
(i) G is a partition of X into subsets (called groups);
(ii) A is a set of subsets of X (called blocks), such that a group and a block contain at most
one common point; and
(iii) every pair of points from distinct groups occurs in a unique block.
When all blocks of a GDD have the same size k, we denote it by k-GDD.
The group type of a GDD(X,G,A) is a multiset {|G| : G ∈ G}. We use exponential
notation to describe group types: a group type gu11 g
u2
2 · · · guss denotes ui occurrences of a
group of size gi for 1 is.
Deﬁnition 1.1. Anorthogonal Steiner triple systemof ordern (brieﬂy,OSTS(n)) (X,A,B)
is an n-set X and two disjoint setsA and B of 3-subsets of X, so that each pair {x, y} of
elements of X appears once in a 3-subset ofA and once in a 3-subset of B. Moreover for
two distinct intersecting triples {x, y, z} and {u, v, z} ofA, the triples {x, y, a} and {u, v, b}
ofB satisfy a 
= b.
OSTS(n) were introduced to construct Room squares and a history of that topic can be
found in [2,6,7,9,10].
Deﬁnition 1.2. An orthogonal group divisible design (brieﬂy, OGDD) (X,G,A,B) is
a set X and a partition G of X into classes (usually called groups), and two disjoint sets
A and B of 3-subsets of X, so that each pair {x, y} of elements of X appears once in
a 3-subset of A and once in a 3-subset of B if x and y are from different groups, and
does not appear in a 3-subset of either if x and y are from the same groups. Moreover,
if {x, y, a} ∈ A and {x, y, b} ∈ B, then a and b are in different groups; and for two
distinct intersecting triples {x, y, z} and {u, v, z} of A, the triples {x, y, a} and {u, v, b}
of B satisfy a 
= b. It is easy to see that an OSTS(n) is the same as an OGDD of
type 1n.
OGDD is a generalization of OSTS suggested in 1991 by Stinson and Zhu [8]. OGDDs
are of fundamental importance in recursive constructions for OSTSs. Stinson and Zhu [8]
proved the following theorem:
Theorem 1.3 (Stinson and Zhu [8]). Suppose that there exists an OGDD of type gu. Fur-
ther suppose that v ∈ B(P7\{8}) ∪ {4, 5, 8}. Then there exists an OGDD of type (gv)u.
Note that in this article B(K) is the PBD-closure of K, Pk = {q : q is a prime power and
qk}.
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The existence problem forOSTSs has been given quite a lot of attention by various authors
(see [2,4,8] ) since it was posed by O’Shaughnessy in 1968. The problem was completely
settled in 1994 (see [2]). That is,
Theorem 1.4. An orthogonal Steiner triple system of order n exists if and only if n ≡
1, 3 (mod 6), n7 and n 
= 9.
While OGDDs are useful tools in constructions for OSTSs, ﬁnding when they exist is an
interesting problem in itself. Moreover we can obtain a Room frame from an OGDD in the
same way that we can obtain a Room square from an OSTS.
To establish recursive constructions for OGDDs, the author in 1991 introduced compati-
bly ordered-OGDD and strong compatibly ordered-OGDD as follows. Note that compatibly
ordered-OGDDwas called cyclic-OGDD and strong compatibly ordered-OGDDwas called
ordered-OGDD in [11].
Deﬁnition 1.5. (x, y, z) is deﬁned to be {(x, y), (y, z), (z, x)} and is called a cyclically or-
dered 3-subset.A compatibly ordered orthogonal group divisible design (brieﬂy, compatibly
ordered-OGDD orCOGDD) (X,G,A,B) is a setX and a partitionG ofX into classes (usu-
ally called groups), and two setsA andB of cyclically ordered 3-subsets ofX (usually called
blocks), so that (X,G,C,D) is an orthogonal group divisible design, and if (a, b) appears
in a block ofA then (a, b) appears in a block of B, where C= {{x, y, z}: (x, y, z) ∈A}
andD= {{x, y, z}: (x, y, z) ∈ B}.
A compatibly ordered orthogonal Steiner triple system of order n (brieﬂy, compatibly
ordered-OSTS(n) or COSTS) can be viewed as a COGDD of type 1n.
Example 1.6. A compatibly ordered orthogonal Steiner triple system of order 7 is
A= {(0, 1, 3), (1, 2, 4), (2, 3, 5), (3, 4, 6), (4, 5, 0), (5, 6, 1), (6, 0, 2)};
B= {(0, 2, 3), (1, 3, 4), (2, 4, 5), (3, 5, 6), (4, 6, 0), (5, 0, 1), (6, 1, 2)}.
Deﬁnition 1.7. Let S be a set of n + 1 elements called symbols. A compatibly ordered
Room square of side n (on symbol set S) is an n × n array, F, that satisﬁes the following
properties:
(i) Every cell of F either is empty or contains an ordered pair of symbols from S;
(ii) Each symbol of S occurs once in each row and column of F;
(iii) Either (x, y) or (y, x) occurs in precisely one cell of F, for every unordered pair {x, y}
of symbols.
(iv) The set of the ﬁrst components of all ordered pairs in row s is the same as that in
column s and the set of the second components of all ordered pairs in row s is the same
as that in column s, for all s ∈ S.








(2, 6) (4, 5) (1, 3)
(3, 0) (5, 6) (2, 4)
(4, 1) (6, 0) (3, 5)
(4, 6) (5, 2) (0, 1)
(5, 0) (6, 3) (1, 2)
(2, 3) (6, 1) (0, 4)
(1, 5) (3, 4) (0, 2)
Fig. 1.
A compatibly ordered Room square is obtained from a COSTS(n) as follows:
Let ∞ be a symbol not in X. We construct an array with rows and columns indexed by
X. First place (∞, x) in cell (x, x), for all x ∈ X. Then, for every pair (x, y) ∈ A, place
(x, y) in cell (r, c), where (x, y, r) ∈A and (x, y, c) ∈ B.
Example 1.8. A compatibly ordered Room square obtained from the COSTS in Example
1.6 is displayed in Fig. 1.
The existence problem for compatibly ordered Room square was completely settled by
the author in [12]. That is,
Theorem 1.9. There exists a compatibly ordered Room square of side n if and only if n is
odd and n 
= 3 or 5.
Deﬁnition 1.10. Let A and B be two collections of ordered 3-subsets of X, and C =
{(a, b, c) : [a, b, c] ∈ A} and D = {(a, b, c) : [a, b, c] ∈ B}. For A = [a, b, c] we say
that the three ordered pairs of points (a, b), (b, c), (c, a) are in A and the seats of (a, b),
(b, c) and (c, a) in A are different. We say (X,G,A,B) is a strong compatibly ordered-
orthogonal group divisible design (brieﬂy, strong compatibly ordered-OGDD or SCOGDD)
if (X,G,C,D) is a compatibly ordered-OGDD and the following property is satisﬁed:
() if (a, b) is in a block A ofA then (a, b) is in a block B ofB and the seat of (a, b) in
A and the seat of (a, b) in B are different.
A strong compatibly orthogonal Steiner triple systemof ordern (brieﬂy, strong compatibly
ordered-OSTS(n) or SCOSTS(n)) can be viewed as a strong compatibly ordered-OGDD of
type 1n.
Example 1.11. A strong compatibly orthogonal Steiner triple system of order 7 is
A= {[0, 1, 3], [3, 4, 6], [6, 0, 2], [3, 5, 2], [6, 1, 5], [4, 1, 2], [0, 4, 5]};
B= {[2, 3, 0], [5, 6, 3], [1, 2, 6], [5, 2, 4], [1, 5, 0], [1, 3, 4], [4, 6, 0]}.
An example of an OGDD which cannot be compatibly ordered is given in [11]. It is an
open question whether every compatibly ordered-OGDD can be ordered so that it is also a
strong compatibly ordered-OGDD.
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In this article, we will show that for n= 6k + 1,
(i) there exists a COSTS(n);
(ii) there exists a COGDD of type 2n; and
(iii) there exists a COGDD of type (gv)n for g = 1 or 2 and v ∈ B(P4\{5}).
2. Recursive constructions
The following theorem comes from Theorems 4.4 and 4.5 in [11].
Theorem 2.1. Suppose that there exists a COGDD of type gu. Further suppose that v ∈
B(P4\{5}). Then there exists a COGDD of type (gv)u.
The proofs of the following lemmas are standard and therefore omitted.
Lemma 2.2 (Filling in the groups). If there exists a (strong) COGDD of type unvm, and
there exists a (strong) COSTS(u + 1) and a (strong) COSTS(v + 1), then there exists a
(strong) COSTS(nu+mv + 1).
Lemma 2.3. If there exists a (strong) COGDD of type vm(nh)1, and there exists a (strong)
COGDD of type hn, then there exists a (strong) COGDD of type hnvm.
Lemma 2.4. If there exists a (strong) COGDD of type (u1h)(u2h) · · · (unh), and there
exists a (strong) COGDD of type hui+1 for i = 1, 2, . . . , n, then there exists a (strong)
COGDD of type hu, where u= u1 + u2 + · · · + un + 1.
3. Direct constructions for COSTSs
Based on Mullin and Nemeth’s construction for OSTSs of prime-power order [5], we
have the following result [11]:
Lemma 3.1. If n ≡ 1 (mod 6) is prime power, there exists a COSTS(n).
Furthermore we have
Lemma 3.2 (Mullin and Nemeth’s construction). Let G be an abelian group of order n,
X = G, and A be a set of base blocks of an STS. Let DA = {2a + b, b − a,−2b − a}
for A = {0, a, a + b} ∈ A. If for any base block A, DA has no zero element, and for
any two different base blocks A1 and A2, DA1 and DA2 have no common element, then
B = {{0, b, a + b}: {0, a, a + b} ∈ A} is a set of base blocks of the second STS of an
OSTS(n).
Instead of proving this result, we give an example.
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Example 3.3. LetG=Z13,A={{0, 1, 4}, {0, 2, 8}} andB={{0, 3, 4}, {0, 6, 8}}. It is easy
to see that bothA andB are a set of base blocks of an ST S(13). The blocks fromA contain-
ing the element 0 are {0, 1, 4}, {0,−1, 3}, {0,−4,−3}, {0, 2, 8}, {0,−2, 6}, {0, 5,−6}, and
the blocks from B containing the pairs: {1, 4}, {−1, 3}, {−4,−3}, {2, 8}, {−2, 6}, {5,−6}
are {5, 1, 4}, {2,−1, 3}, {6,−4,−3}, {−3, 2, 8}, {4,−2, 6}, {−1, 5,−6}. HenceA and B
are two sets of base blocks of an OSTS(13). Note that D{0,1,4} = {5, 2, 6},D{0,2,8} =
{−3, 4,−1}.
From Lemma 3.2 we have
Lemma 3.4. Let G be an abelian group of order n, X =G, andA be a set of base blocks
of an STS. Let DA = (2a + b, b − a,−2b − a) for A= (0, a, a + b) ∈A. If for any base
block A, DA has no zero element, and for any two different base blocks A1 and A2, DA1
and DA2 have no common element, thenB= {(0, b, a + b): (0, a, a + b) ∈A} is a set of
base blocks of the second STS of a COSTS(n).
Dukes [3] gave a set of base triples for opposite orthogonal ST S(55) over Z55, from
which we have
Lemma 3.5. There exists a COSTS(n) for n= 55.
Lemma 3.6. There exists a COSTS(n) for n= 115, 145.
Proof. For each n, we let X = Zn and present A as the base blocks of the ﬁrst STS(n),
and we deﬁne B = {(0, b, a + b): (0, a, a + b) ∈ A} as the base blocks of the second
STS(n).
For n= 115
A= {(0, 1, 3), (0, 4, 10), (0, 5, 13), (0, 7, 35), (0, 9, 38),
(0, 11, 47), (0, 12, 73), (0, 14, 88), (0, 15, 96), (0, 16, 82),
(0, 17, 67), (0, 18, 62), (0, 20, 45), (0, 21, 72), (0, 22, 59),
(0, 23, 63), (0, 24, 55), (0, 26, 83), (0, 30, 76)}.
For n= 145
A= {(0, 1, 115), (0, 2, 34), (0, 3, 39), (0, 4, 42), (0, 5, 45),
(0, 6, 49), (0, 7, 98), (0, 8, 41), (0, 9, 65), (0, 10, 58),
(0, 11, 37), (0, 12, 81), (0, 13, 70), (0, 14, 73), (0, 15, 99),
(0, 16, 90), (0, 17, 35), (0, 19, 79), (0, 20, 83), (0, 21, 122),
(0, 22, 117), (0, 24, 53), (0, 25, 77), (0, 27, 94)}. 
4. Direct constructions for COGDDs
Similar to Lemma 3.4, we have the following construction for COGDDs:
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Lemma 4.1. Let G be an abelian group of order hn. Let H be a subgroup of order h,X=G,
G= {g +H : g ∈ G} andA be a set of base blocks of a 3-GDD. Let DA = (2a + b, b −
a,−2b − a) for A= (0, a, a + b) ∈A. If for any base block A, DA has no element of H,
and for any two different base blocks A1 and A2, DA1 and DA2 have no common element,
thenB= {(0, b, a + b): (0, a, a + b) ∈A} is a set of base blocks of the second 3-GDD of
a COGDD of type hn.
Lemma 4.2. There exists a COGDD of type 3n for n ∈ {17, 19, 27, 29, 31, 37, 41, 53,
59, 67, 69}.
Proof. For each case, we letX=Z3n andH ={0, n, 2n} and presentA as the base blocks
of the ﬁrst 3-GDD, and we deﬁne
B= {(0, b, a + b): (0, a, a + b) ∈A} as the base blocks of the second 3-GDD.
For h= 17
A= {(0, 1, 3), (0, 4, 10), (0, 5, 23), (0, 7, 26), (0, 8, 37),
(0, 9, 21), (0, 11, 38), (0, 15, 35)}.
For h= 19
A= {(0, 1, 3), (0, 4, 10), (0, 5, 16), (0, 7, 22), (0, 8, 29),
(0, 9, 34), (0, 12, 39), (0, 13, 37), (0, 14, 31)}.
For h= 27
A= {(0, 1, 3), (0, 4, 10), (0, 5, 13), (0, 7, 31), (0, 9, 23),
(0, 11, 47), (0, 12, 55), (0, 15, 37), (0, 16, 56), (0, 17, 46),
(0, 18, 51), (0, 19, 61), (0, 21, 53)}.
For h= 29
A= {(0, 1, 3), (0, 4, 10), (0, 5, 13), (0, 7, 31), (0, 9, 37),
(0, 11, 64), (0, 12, 33), (0, 14, 39), (0, 15, 45), (0, 16, 52),
(0, 17, 55), (0, 18, 61), (0, 19, 65), (0, 20, 47)}.
For h= 31
A= {(0, 1, 3), (0, 4, 10), (0, 5, 13), (0, 7, 34), (0, 9, 37),
(0, 11, 44), (0, 12, 73), (0, 14, 57), (0, 15, 39), (0, 16, 42),
(0, 17, 58), (0, 18, 47), (0, 19, 72), (0, 22, 70), (0, 25, 55)}.
For h= 37
A= {(0, 1, 3), (0, 4, 10), (0, 5, 13), (0, 7, 34), (0, 9, 39),
(0, 11, 47), (0, 12, 73), (0, 14, 40), (0, 15, 82), (0, 16, 48),
(0, 17, 87), (0, 18, 60), (0, 19, 68), (0, 20, 66), (0, 21, 80),
(0, 22, 76), (0, 23, 56), (0, 25, 83)}.
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For h= 41
A= {(0, 1, 3), (0, 4, 10), (0, 5, 13), (0, 7, 35), (0, 9, 38),
(0, 11, 47), (0, 12, 73), (0, 14, 91), (0, 15, 96), (0, 16, 106),
(0, 18, 72), (0, 19, 68), (0, 20, 83), (0, 21, 58), (0, 22, 79),
(0, 23, 98), (0, 24, 67), (0, 26, 78), (0, 30, 89), (0, 31, 84)}.
For n= 53
A= {16i (0, 1, 3), 16i (0,−7,−15); i = 0, 1, 2, . . . , 12}.
For h= 59
A= {(0,−2,−42), (0,−4,−84), (0, 8,−9), (0, 16,−18), (0,−32, 36),
(0,−49, 33), (0,−79,−66), (0, 19, 45), (0,−38, 87), (0,−76,−3),
(0,−25, 6), (0, 50,−12), (0,−77,−24), (0,−23, 48), (0,−46,−81),
(0,−85,−15), (0,−7, 30), (0,−14, 60), (0, 28, 57), (0, 56,−63),
(0,−47, 75), (0,−83, 27), (0,−11,−54), (0,−22, 69), (0, 44, 39),
(0, 88, 78), (0, 1, 65), (0, 20, 61), (0,−21, 51)}.
For h= 67
A= {(0, 1, 11), (0,−7,−77), (0, 6, 66), (0, 2,−12), (0, 8,−48),
(0, 16,−96), (0,−32,−9), (0, 64, 18), (0, 73,−36), (0,−55,−72),
(0,−91,−57), (0,−19,−87), (0,−38, 27), (0,−76, 54), (0, 49,−93),
(0, 98, 15), (0,−5, 30), (0, 20, 81), (0,−40, 39), (0, 80,−78),
(0,−41, 45), (0, 82,−90), (0, 37,−21), (0, 74,−42), (0,−53,−84),
(0, 95, 33), (0, 4,−24), (0,−22,−69), (0, 44,−63), (0, 88, 75),
(0, 25, 51), (0,−50, 99), (0,−100,−3)}.
For h= 69
A= {(0, 1, 22), (0, 2, 25), (0, 3, 34), (0, 4, 37), (0, 5, 46),
(0, 6, 50), (0, 7, 58), (0, 8, 70), (0, 9, 82), (0, 10, 91),
(0, 11, 85), (0, 12, 83), (0, 13, 93), (0, 14, 29), (0, 16, 42),
(0, 17, 45), (0, 18,−97), (0, 19,−90), (0, 20,−86), (0, 24,−75),
(0, 27, 76), (0, 30, 102), (0, 32,−56), (0, 35,−60), (0, 36,−43),
(0, 38, 78), (0, 39,−61), (0, 47,−66), (0, 48, 103), (0, 52,−87),
(0, 53,−89), (0, 54,−96), (0, 59,−64), (0, 63,−67)}. 
Lemma 4.3. There exists a COGDD of type 6n for n ∈ {12, 13, 52, 53}.
Proof. For each case, we letX=Z6n andH = {0, n, 2n, 3n, 4n, 5n} and presentA as the
base blocks of the ﬁrst 3-GDD, and we deﬁneB={(0, b, a+ b): (0, a, a+ b) ∈A} as the
base blocks of the second 3-GDD.
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For h= 12
A= {(0, 1, 3), (0, 4, 10), (0, 5, 13), (0, 7, 33), (0, 9, 49),
(0, 11, 54), (0, 14, 35), (0, 15, 53), (0, 16, 41), (0, 17, 45), (0, 20, 50)}.
For h= 13
A= {(0, 1, 3), (0, 4, 10), (0, 5, 16), (0, 7, 34), (0, 8, 48),
(0, 9, 29), (0, 12, 33), (0, 14, 50), (0, 15, 61), (0, 18, 43),
(0, 19, 41), (0, 23, 54)}.
For h= 52
A= {(0, 1, 60), (0, 3, 66), (0, 5, 72), (0, 7, 86), (0, 9, 92),
(0, 11, 112), (0, 13, 118), (0, 15, 136), (0, 17, 142), (0, 19,−152),
(0, 21,−146), (0, 23,−128), (0, 25,−122), (0, 27,−100), (0, 29,−94),
(0, 31,−80), (0, 33, 70), (0, 35, 76), (0, 39, 88), (0, 43, 120),
(0, 45, 98), (0, 47, 134), (0, 51, 148), (0, 55, 130), (0, 57,−116),
(0, 61, 150), (0, 65,−144), (0, 69,−126), (0, 71,−106), (0, 73,−110),
(0, 81,−132), (0, 85,−10), (0, 91,−64), (0, 93,−14), (0, 109,−44),
(0, 113,−50), (0, 115,−28), (0, 119,−62), (0, 133,−4), (0, 2,−6),
(0, 12,−36), (0, 16,−30), (0, 18,−90), (0, 20,−138), (0, 22, 124),
(0, 24, 78), (0, 26, 68), (0, 32,−82), (0, 34,−40), (0, 38,−58), (0, 56,−84)}.
For h= 53
A= {49i (0, 35, 36), 49i (0,−9,−2), 49i (0,−5, 136),
49i (0,−12, 196): i = 0, 1, 2, . . . , 12}. 
Lemma 4.4. There exists a COGDD of type 3n for n= 11, 15.
Proof. For each case, we letX=Z3n andH ={0, n, 2n} and presentA as the base blocks
of the ﬁrst 3-GDD, andB as the base blocks of the second 3-GDD.
For h= 11
A= {(0, 1, 3), (0, 4, 10), (0, 5, 18), (0, 7, 21), (0,−16,−24)};
B= {(0, 1, 26), (0, 2, 16), (0,−10,−13), (0, 4, 28), (0, 6, 21)}.
For h= 15
A= {(0, 1, 22), (0, 2, 11), (0,−16,−19), (0,−6,−10), (0,−33,−38),
(0, 8, 25), (0, 13, 31)};
B= {(0, 1, 3), (0,−5,−9), (0,−11,−17), (0,−16,−23), (0, 8, 26),
(0, 10, 24), (0, 12, 25)}. 
To understand the constructions of Lemmas 4.6 and 4.7, we give an example.
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Example 4.5. Let G= Z32 and H = {0, 16},M = {0, 2, . . . , 30} and N = {0, 4, . . . , 28}
be three subgroups of G. Let
A= {{0, 1, 3}, {0, 4, 22}, {0, 5, 12}, {0, 6, 15}, {0, 8, 21}} and
B= {{0, b, a + b}: {0, a, b} ∈A}.
It is easily checked thatA is a set of base blocks of a 3-GDD of type 216, and so isB. Since
D{0,1,3} = {4, 1,−5}, D{0,4,−10} = {−6, 14,−8}, D{0,5,12} = {−15, 2, 13},
D{0,6,15} = {−11, 3, 8}, D{0,8,21} = {−3, 5,−2},
A andB are two sets of base blocks of an OGDD of type 216.
Let
K= {{0, 1, 3}, {0, 6, 15}}, A∗ =A\K,
B∗ = {{0, b, a + b}: {0, a, a + b} ∈A∗},
C= {{0, 6, 15}}, D= {{0, 1, 3}},
= (2), = (−1, 3), = (6), = (9, 15),
E1 = {(∞1, 0, 2), (∞1, 1, 3), (∞2, 2, 4), (∞2, 3, 5)},
E2 = {(∞3, 0,−1), (∞4, 1, 0), (∞5, 0, 3), (∞6, 1, 4)},
F1 = {(∞1, 0, 6), (∞1, 1, 7), (∞2, 2, 8), (∞2, 3, 9)},
F2 = {(∞3, 0, 9), (∞4, 1, 10), (∞5, 0, 15), (∞6, 1, 16)}.
Since
D, = {±(2− 6)} = {±4}, D, = {±(−1− 9),±(3− 15)} = {±10,±12}
D{0,4,−10} = {−6, 14,−8}, D{0,5,12} = {−15, 2, 13}, D{0,8,21} = {−3, 5,−2},
have no zero element and have no common element, we have A∗ ∪ C ∪ E1 ∪ E2 and
B∗ ∪D∪F1 ∪F2 are two sets of base blocks of an OGDD of type 21661, where E1 and
F1 are base blocks under N and E2 andF2 are base blocks under M.
Lemma 4.6. There exists a COGDD of type 652s1 for s = 36, 42.
Proof. The proof is similar to that for Example 4.5.
For s = 36
K= {(0, 13, 118), (0, 21,−146), (0, 25,−122), (0, 29,−94), (0, 45, 98),
(0, 47, 134), (0, 69,−126), (0, 71,−106), (0, 73,−110),
(0, 93,−14), (0, 113,−50), (0, 119,−62)},
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C= {(0,−25, 122), (0, 47, 134), (0, 69,−126), (0,−73, 110), (0, 93,−14),
(0, 119,−62)},
D= {(0, 13, 118), (0, 21,−146), (0, 29,−94), (0, 45, 98),
(0, 71,−106), (0, 113,−50)},
= (50, 106,−98, 94, 146,−118),
= (113, 149, 71, 135, 45, 53, 29,−123, 21, 145, 13, 105),
= (62, 14,−134, 126,−122,−110),
= (87, 147,−73,−129,−107, 131, 93, 119, 117, 47, 69,−25).
For s = 42
K= {(0, 3, 66), (0, 7, 86), (0, 13, 118), (0, 21,−146), (0, 25,−122),
(0, 29,−94), (0, 45, 98), (0, 47, 134), (0, 69,−126), (0, 71,−106),
(0, 73,−110), (0, 93,−14), (0, 113,−50), (0, 119,−62)},
C= {(0,−25, 122), (0, 47, 134), (0, 69,−126), (0,−73, 110), (0, 93,−14),
(0, 119,−62), (0,−3,−66)},
D= {(0, 13, 118), (0, 21,−146), (0, 29,−94), (0, 45, 98), (0, 71,−106),
(0, 113,−50), (0, 7, 86)},
= (50, 106,−98, 94, 146,−118,−86),
= (113, 149, 71, 135, 45, 53, 29,−123, 21, 145, 13, 105, 7, 79),
= (62, 14,−134, 126,−122,−110, 66),
= (−129,−63,−73, 87, 47, 93,−107,−25, 117,−3, 69, 131, 119, 147). 
Lemma 4.7. There exists a COGDD of type 660541.
Proof. The proof is similar to Example 4.5.
A∗ = {(0, 12, 52), (0, 28, 64), (0, 44, 140), (0, 48, 164), (0, 84,−104),
(0, 92,−156), (0, 4, 46), (0, 8, 58), (0, 16, 102), (0, 20, 114),
(0, 24, 150), (0, 32, 178), (0, 56,−138), (0, 68,−130), (0, 72, 93),
(0, 76, 99), (0, 80, 121), (0, 88, 131), (0, 100, 165), (0, 108,−175),
(0, 124,−149), (0, 128,−127), (0, 132, 157), (0, 136, 163), (0, 144,−153),
(0, 148,−133), (0, 152,−147), (0, 160,−129), (0, 168,−111),
(0, 176,−101),(0, 18, 107),(0, 22, 97),(0, 30, 115),(0,34,159),(0, 62, 69),
(0, 66, 113), (0, 70, 19),(0, 74,−117),(0, 82,−9),(0, 90,−53),(0, 98,−5)},
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C= {(0, 6, 55), (0, 10, 67), (0, 26, 135), (0, 54,−155), (0, 106, 137),
(0, 118,−123), (0, 134, 145), (0, 154,−167), (0, 170,−177)},
D= {(0, 2, 37), (0, 14, 73), (0, 38, 179), (0, 78, 33), (0, 110, 15),
(0, 122, 139), (0, 142, 171), (0, 158, 161), (0, 174, 1)},
= (174, 158, 142, 122, 110, 78, 38, 14, 2),
= (−173, 3, 29, 17,−95,−45, 141, 59, 35,−1,−161,−171,−139,−15,−33,
− 179,−73,−37),
= (170, 134, 6, 10, 54, 118, 154, 26, 106),
= (31, 13, 155,−55, 11, 109, 167,−135, 49,−145, 151, 57,−137, 123,−67,
39, 119, 177). 
Theorem 4.8 (Zhang [11]). If n ≡ 1 (mod 6) is a prime power, there exists a COGDD of
type 2n.
Lemma 4.9. There exists a COGDD of type 255.
Proof. We let X = Z110 and H = {0, 55} and present A. We deﬁne B = {(0, b, a +
b): (0, a, a + b) ∈ A}, and present C and D. A and C consist of the base blocks of
the ﬁrst 3-GDD of a COGDD, and B and D consist of the base blocks of the second 3-
GDD. Note that A and B are developed under Z110 and C and D are developed under
M = {0, 2, 4, . . . , 108}, a subgroup of Z110.
A= {(0, 3, 14), (0, 7, 24), (0, 9, 42), (0, 13,−40), (0, 15,−16),
(0, 19,−52), (0, 21,−26), (0, 23, 48), (0, 27,−38), (0, 29,−6),
(0, 37,−4), (0, 43,−18), (0, 12,−32), (0, 20,−36),
(0, 22,−28), (0, 30,−34)},
C= {(0,−5,−10), (0, 1, 2), (0,−51, 8), (1, 11, 9)},
D= {(1,−4,−9), (1, 2, 3), (1,−50, 9), (0, 10, 8)}. 
5. Direct constructions for SCOGDD
Although we do not know whether every COGDD can be arranged into a SCOGDD
or not, a COGDD with base blocks can be often arranged into a SCOGDD. We need to
construct a SCOGDD of type 613 for later use.
Theorem 5.1 (Zhang [11]). Suppose that there exists a SCOGDD of type gu. Further
suppose that v ∈ B(P4). Then there exists a SCOGDD of type (gv)u.
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Lemma 5.2. LetG=Zm,A={(0, a, a+b)+i: i=0, 1, 2, . . . , m−1} andB={(0, b, a+
b)+ i: i = 0, 1, 2, . . . , m− 1}. If m ≡ 0 and a /≡ 0 or b /≡ 0 (mod 3), thenA and B can
be ordered to satisfy the property () in Deﬁnition 1.17.
Proof. Let {X1, X2, X3} and {Y1, Y2, Y3} be two partitions of Zm,
C= {x1 + [0, a, a + b]: x1 ∈ X1}
∪ {x2 + [a, a + b, 0] : x2 ∈ X2} ∪ {x3 + [a + b, 0, a] : x3 ∈ X3},
D= {y1 + [0, b, a + b]: y1 ∈ Y1}
∪ {y2 + [b, a + b, 0]: y2 ∈ Y2} ∪ {y3 + [a + b, 0, b]: y3 ∈ Y3}.
C andD satisfy the property () if and only if
x1 
= y1, x1 + b 
= y2, x1 
= y3 + a,
x2 
= y2, x2 + b 
= y3, x2 
= y1 + a,
x3 
= y3, x3 + b 
= y1, x3 
= y2 + a for any xi ∈ Xi, yi ∈ Yi, i = 1, 2, 3.
Hence we take
(i) X1 = {x1: x1 ≡ 0 (mod 3)}, X2 = {x2: x2 ≡ 1 (mod 3)}, X3 = {x3: x3 ≡ 2 (mod 3)},
Y1 = {y1: y1 ≡ 2 (mod 3)}, Y2 = {y2: y2 ≡ 0 (mod 3)}, Y3 = {y3: y3 ≡ 1 (mod 3)}
when a ≡ 0 and b ≡ 1, 2 or a ≡ 1 and b ≡ 2 (mod 3);
(ii) X1 = {x1 : x1 ≡ 0 (mod 3)}, X2 = {x2 : x2 ≡ 1 (mod 3)},
X3 = {x3 : x3 ≡ 2 (mod 3)}, Y1 = {y1 : y1 ≡ 1 (mod 3)},
Y2 = {y2 : y2 ≡ 2 (mod 3)}, Y3 = {y3 : y3 ≡ 0 (mod 3)}
when a ≡ 1 and b ≡ 0, 1 or a ≡ 2 and b ≡ 0, 1 (mod 3);
(iii) X1 = {x1 : x1 ≡ 0 (mod 3)}, X2 = {x2 : x2 ≡ 2 (mod 3)},
X3 = {x3 : x3 ≡ 1 (mod 3)}, Y1 = {y1 : y1 ≡ 1 (mod 3)},
Y2 = {y2 : y2 ≡ 0 (mod 3)}, Y3 = {y3 : y3 ≡ 2 (mod 3)}
when a ≡ 2 and b ≡ 2 (mod 3). 
Lemma 5.3. LetG=Z78,A={(0, 12, 33)+i : i=0, 1, 2, . . . , 77}andB={(0, 21, 33)+i :
i = 0, 1, 2, . . . , 77}.
ThenA andB can be ordered to satisfy the property ().
Proof. The proof is similar to that of Lemma 5.2 by taking
A1 = {20, 23, 0, 3, . . . , 18}, A2 = {21, 24, 1, 4, . . . , 16},
A3 = {19, 22, 25, 2, 5, . . . , 17},
B1 = {1, 4, . . . , 25}, B2 = {2, 5, . . . , 23}, B3 = {0, 3, . . . , 24},
Xi = (3Ai) ∪ (3Ai + 1) ∪ (3Ai + 2) and
Yi = (3Bi) ∪ (3Bi + 1) ∪ (3Bi + 2), i = 1, 2, 3. 
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Lemma 5.4. There exists a SCOGDD of type 613.
Proof. By Lemmas 5.2 and 5.3, the COGDD of type 613 in Lemma 4.3 can be arranged to
a SCOGDD of type 613. 
6. COSTS(n) for n= 6k+ 1
Lemma 6.1. There exists a COSTS(n) for n ∈ {205, 235, 265, 319, 445, 451, 493, 649,
667, 685, 697, 745, 805, 1315}.
Proof. We start with a COGDD of type 273, and apply Theorem 2.1 to obtain a COGDD of
type (2×9)73, and apply Theorem 2.2 to obtain aCOSTS(n) for n=1315=(73×2)×9+1.
Similarly, we have a COSTS(n) in Table 1. 
Lemma 6.2. There exists a COSTS(n) for n= 355, 415 and 799.
Proof. Westartwith aCOGDDof type652421, and applyTheorem2.2 to obtain aCOSTS(n)
for n=355=52×6+42+1. Similarly, we have aCOSTS(n) for n=415=60×6+54+1.
We start with a COGDD of type 612, and apply Theorem 2.1 to obtain a COGDD of type
6612, and apply Theorem 2.4 to obtain a COGDD of type 6133, and apply Theorem 2.2 to
obtain a COSTS(n) for n= 799= (12× 6)× 11+ 6+ 1. 
Lemma 6.3. There exists a COSTS(n) for n= 391 and 781.
Proof. We start with a strong COGDD of type 613, and apply Theorem 5.1 to obtain a
strong COGDD of type 3013, and apply Theorem 2.2 to obtain a COSTS(n) for n= 391=
13×6×5+1.We take a strong COGDD of type 113 [11], and apply Theorem 5.1 to obtain
a strong COGDD of type 6013 since 60= 4× 13+ 8 ∈ B(4, 5, 8, 13), and apply Theorem
2.2 to obtain a COST S(n) for n= 781= 13× 60+ 1. 
Theorem 6.4. There exists a COSTS(n) for all n= 6k + 1.
Proof. Let N1,6 = {n : n ≡ 1 (mod 6)} and P1,6 = {q : q ≡ 1 (mod 6) and q is a prime
power}. SinceCOSTS(n) is PBD-closed [11] andN1,6\B(P1,6) ⊆ {55, 115, 145, 205, 235,
265, 319, 355, 391, 415, 445, 451, 493, 649, 667, 685, 697, 745, 781, 799, 805, 1315}
Table 1
205 (17× 3)× 4+ 1 649 (27× 3)× 8+ 1
235 (13× 2)× 9+ 1 667 (37× 2)× 9+ 1
265 (11× 3)× 8+ 1 685 (19× 1)× (4× 9)+ 1
319 (53× 6)+ 1 697 (29× 3)× 8+ 1
445 (37× 3)× 4+ 1 745 (31× 3)× 8+ 1
451 (25× 2)× 9+ 1 805 (67× 3)× 4+ 1
493 (41× 3)× 4+ 1
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(can be found in [1]), we have obtained the required result by combining the above
results. 
7. COGDD of Type h6k+1
Lemma 7.1. There exists a COGDDof type 2n for n ∈ {115, 145, 205, 235, 265, 319, 355,
415, 445, 451, 493, 649, 667, 685, 697, 745, 799, 805, 1315}.
Proof. We start with a COGDD of type 173, and apply Theorem 2.1 to obtain a COGDD of
type (4×9)73.We then applyTheorem2.4 to obtain aCOGDD of type 21315=((4×9)73+2).
Similarly, we have a COGDD of type 2n in Table 2. 
Lemma 7.2. There exists a COGDD of type 2n for n= 391 and 781.
Proof. We start with a strong COGDD of type 6013 which comes from the proof of Lemma
6.3, and apply Theorem 2.4 to obtain a COGDD of type 2391. We take a strong COGDD
of type 113 [11], and apply Theorem 5.1 to obtain a strong COGDD of type 12013 since
120=4×29+4 ∈ B(4, 5, 29), and applyTheorem2.4 to obtain aCOGDD of type 2781. 
Theorem 7.3. There exists a COGDD of type 2n for all n= 6k + 1.
Proof. Let N1,6 = {n : n ≡ 1 (mod 6)} and P1,6 = {q : q ≡ 1 (mod 6) and q is a prime
power}. Since COGDD of type 2n is PBD-closed [11] and N1,6\B(P1,6) ⊆ {55, 115, 145,
205, 235, 265, 319, 355, 391, 415, 445, 451, 493, 649, 667, 685, 697, 745, 781, 799, 805,
1315} (can be found in [1]), we have obtained the required result by combining the above
results. 
Theorems 2.1, 6.4 and 7.3, we have
Theorem 7.4. Let n= 6k + 1.
(i) There exists a COSTS(n);
(ii) There exists a COGDD of type 2n;
(iii) There exists a COGDD of type (gv)n for g = 1 or 2 and v ∈ B(P4\{5}).
Table 2
2115 (3× 4)19 + 2 2451 (4× 9)25 + 2
2145 (6× 4)12 + 2 2493 (3× 8)41 + 2
2205 (3× 8)17 + 2 2649 (3× 16)27 + 2
2235 (4× 9)13 + 2 2667 (4× 9)37 + 2
2265 (3× 16)11 + 2 2685 (8× 9)19 + 2
2319 (3× 4)53 + 2 2697 (3× 16)29 + 2
2355 (3× 4)59 + 2 2745 (3× 16)31 + 2
2415 (3× 4)69 + 2 2799 (3× 4× 7)19 + 2
2445 (3× 8)37 + 2 2805 (3× 8)67 + 2
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8. Open problem
From [5] there does not exist a COSTS of order 9. Based on the results of Gibbons [4],
the author has proved that there does not exist a COSTS of order 15. That is,
Lemma 8.1. There does not exist a COSTS(n) for n= 3, 9 and 15.
Up to now, we have not constructed any COSTS(n) for n = 6k + 3. Hence we post the
following open problem.
Problem 8.2. Find the spectrum of COSTS(n) for n= 6k + 3.
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